Abstract. We investigate conditions under which the resultant of a µ-basis for a rational tensor product surface is the implicit equation of the surface without any extraneous factors. In this case, we also derive a formula for the implicit degree of the rational surface based only on the bidegree of the rational parametrization and the bidegrees of the elements of the µ-basis without any knowledge of the number or multiplicities of the base points, assuming only that all the base points are local complete intersections. We conclude that in this case the implicit degree of a rational surface of bidegree (m, n) is at most mn, so the rational surface must have at least mn base points counting multiplicity. When the resultant of a µ-basis generates extraneous factors, we show how to predict and compute these extraneous factors from either the existence of bad base points or anomalies occurring in the parametrization at infinity. Examples are provided to flesh out the theory.
1. Introduction. Implicitization-computing the implicit equation of an algebraic surface from a rational parametrization of the surface-is an important computational task in computer graphics and geometric modeling. Determining whether a point lies inside, outside, or on a closed surface, algorithms for surface-surface intersection and procedures for ray tracing surfaces may all require converting a surface from rational parametric to implicit algebraic form.
For rational planar curves, finding the implicit equation from a rational parametrization can be done in several ways: one can use Gröbner bases, resultants, moving lines (syzygies), moving conics, or μ-bases. Among the most efficient of these techniques are μ-bases, since μ-bases permit us to compute with polynomials of lowest possible degree [6, 14, 21] .
In order to recall the notion of a μ-basis for rational planar curves, consider a rational planar curve expressed in homogeneous coordinates (x, y, w) with homogeneous parameters (s, u),
P(s, u) = (a(s, u), b(s, u), c(s, u)),
where gcd(a, b, c) = 1 and the parametrization is proper. The syzygy module of a(s, u), b(s, u), c(s, u) is known to be a free module with two generators [11, 14] . A μ-basis for the rational There are several important differences between μ-bases for rational curves and μ-bases for rational surfaces [4, 6, 7, 8, 14 ]:
1. affine vs. homogeneous parametrization.
• For rational curves, the μ-bases are defined relative to homogeneous parameters;
• for rational surfaces, the μ-bases are defined relative to affine parameters. 2. outer product.
• The outer product of the elements of a μ-basis for the rational curve retrieves the parametrization of the curve relative to homogeneous parameters, i.e.,
p(s, u) × q(s, u) = κP(s, u)
for some constant κ = 0;
• the outer product of the elements of a μ-basis for the rational surface retrieves the parametrization of the surface relative only to affine parameters, i.e.,
[p(s, t), q(s, t), r(s, t)] = κP(s, t)
for some constant κ = 0. But for homogeneous parameters ((s, u), (t, v)), we have
[p((s, u), (t, v)), q((s, u), (t, v)), r((s, u), (t, v))] = κ(u, v)P((s, u), (t, v)),
where κ(u, v) may have positive degree in u, v. 3. base points.
• μ-bases for rational curves are not affected by base points, since we can remove base points by cancelling common factors;
• μ-bases for rational surfaces are affected by base points, since base points are often intrinsic and cannot be cancelled. 4 . uniqueness of degree.
• The degrees of the elements of a μ-basis for a rational curve are unique;
• the degrees of the elements of a μ-basis for a rational surface are not unique (see section 4). 5. degree formula.
• μ-bases for rational curves satisfy the degree formula deg(p) + deg(q) = deg(P);
• μ-bases for rational surfaces satisfy the degree formula deg(p) + deg(q) + deg(r) ≥ deg(P).
implicit equation.
• μ-bases for rational curves satisfy the resultant formula Res(p·(x, y, w), q·(x, y, z)) = F (x, y, w), where F (x, y, w) = 0 represents the implicit equation of P(s, u) with no extraneous factors;
• μ-bases for rational surfaces satisfy the resultant formula Res(p · (x, y, z, w), q · (x, y, z, w), r · (x, y, z, w)) = F (x, y, z, w)E(x, y, z, w), where F (x, y, z, w) = 0 represents the implicit equation of P(s, t) and E(x, y, z, w) is an extraneous factor whenever deg(E) > 0. Moreover, there are degenerate cases (see Table 4 .1 and Example A.2) where Res(p · (x, y, z, w), q · (x, y, z, w), r · (x, y, z, w)) ≡ 0, and therefore the implicit equation cannot be recovered directly from the resultant of this μ-basis. 7 . computation.
• μ-bases for rational curves can be computed quickly using Gaussian elimination;
• μ-bases for rational surfaces can be computed much more slowly using either Gröbner bases or polynomial matrix factorization [15] . We reiterate the last two points as follows: while there are simple, fast algorithms for computing μ-bases for rational planar curves based on Gaussian elimination [6] , algorithms for computing μ-bases for general rational surfaces are not simple, and the computed μ-bases often have unnecessarily high degrees [15] . Fast, efficient algorithms for computing μ-bases for surfaces are known only for rational ruled surfaces [7, 22] , quadric surfaces [5] , surfaces of revolution [24] , and cyclides [20] . Moreover, although the resultant of a μ-basis for a rational surface is guaranteed to contain the implicit equation as a factor, this resultant may also contain extraneous factors.
After quadric surfaces, tensor product surfaces are the most common curved surfaces that appear in computer graphics and geometric modeling. Therefore we focus our attention on μ-bases for rational tensor product surfaces.
One of the primary goals of this paper is to determine conditions which guarantee that the resultant of a μ-basis is the implicit equation of a rational tensor product surface with no extraneous factors. Thus in these cases we can use the resultant of a μ-basis to find the implicit equation without needing to remove extraneous factors. Moreover, when the resultant of a μ-basis does contain extraneous factors, we show how to predict and compute all these extraneous factors.
Several other authors have investigated the structure of the resultant of a μ-basis of a rational surface using subtle algebraic techniques; see, for example, Theorem 4.1 of [3] and Proposition 7 of [2] . For a rational surface P(s, t, u) with parameters in complex projective space P 2 (C), the authors of [3] prove that under certain assumptions, the resultant of a μ-basis of P(s, t) is a power of the implicit equation. But without some of these assumptions, they leave as a conjecture (see Conjecture 5.1 of [3] ) the structure of the extraneous factors associated to the base points of the parametrization. This conjecture is proved in [2] using the theories of symmetric algebras and Rees algebras. Some additional advanced algebraic concepts are also used in these proofs such as MacRae's invariant and Koszul syzygies. In contrast, in our paper we address similar problems (see Theorems 3.4 and 3.10) with simpler techniques accessible to a wider audience; in addition, our computations are much easier to implement.
However, extraneous factors can be introduced not only by base points but also by homogeneous parameters corresponding to infinity. By analyzing the extraneous factor of the homogeneous outer product of a μ-basis, we identify for the first time other extraneous factors of the resultant including ruled surfaces (see Theorem 4.1). Therefore we can now implicitize a parametrized surface by computing the resultant of a μ-basis and removing all of the extraneous factors.
We proceed in the following fashion. In section 2 we provide the basic background, defini-tions, and notation that we shall use throughout this paper. In section 3 we give a sufficient condition for the existence of μ-bases for rational tensor product surfaces, whose resultants are the implicit equations of the surfaces without any extraneous factors. For these surfaces, we also derive a formula for the implicit degree of the rational surface based only on the bidegree of the rational parametrization and the bidegrees of the elements of the μ-basis. In addition we derive a similar formula for the number of base points with their multiplicities. We also discuss how the resultant of a μ-basis can be the implicit equation without any extraneous factors of a rational tensor product surface even if the sufficient condition in section 3 is not satisfied, and we provide examples to clarify this anomaly. In section 4 we investigate extraneous factors due to anomalies at infinity. We conclude in section 5 with a brief summary of our main results along with a conjecture and our plans for future research.
Preliminaries.
A rational tensor product surface P of bidegree (m, n) can be represented by homogeneous parametric equations
We drop the trivial case where P(s, t) defines a plane; i.e., we shall assume that a, b, c, d are linearly independent. We also assume that the rational surface P(s, t) is properly parametrized, i.e., the map
is birational.
Base points.
Homogeneous parameters are necessary in the discussion of base points. Considering the parameters in complex projective space P 1 (C) × P 1 (C), we can write P(s, t) with homogeneous parameters P((s, u), (t, v)). A base point of a rational parametrization
is generated by two polynomials in a neighborhood of ((s 0 , u 0 ), (t 0 , v 0 )).
Base points affect the implicit degree of a rational surface. Let D P denote the implicit degree of a rational surface defined by a parametrization P(s, t). For a bidegree (m, n) parametrization P(s, t) of a rational tensor product surface P with l base points in general position, each with multiplicity d i , i = 1, . . . , l, the generic formula for the degree of the implicit equation is [27] (2.2) [2, 3, 11] . The importance of this distinction between simple and complicated base points will become evident in subsequent sections.
Moving planes.
A moving plane of bidegree (σ 1 , σ 2 ) has the implicit form
where 
L(s, t) = (A(s, t), B(s, t), C(s, t), D(s, t))
by extracting the coefficients of (2.3) with respect to x, y, z,
Thus L(s, t) follows the surface P(s, t) if L(s, t) is a syzygy of P(s, t). The syzygy module of P(s, t) is known to be a free module with three generators [4] . Three moving planes p(s, t), q(s, t), and r(s, t) are said to form a μ-basis of P(s, t) if p(s, t), q(s, t), and r(s, t) are a basis for the syzygy module of P(s, t). Chen, Cox, and Liu [4] show that if p(s, t), q(s, t), and r(s, t) are a μ-basis for the syzygy module of P(s, t), then We will also be interested in (2.5) in the homogeneous setting. Introducing the homogeneous form of the tensor parameters, we see that (2.5) becomes
By comparing the degrees of the homogeneous parameters, it follows that κ(u, v) = λu i v j for a constant λ = 0, where 
Lemma 2.1. Let p, q, r be a μ-basis for the surface P(s, t), and let
Proof. This lemma follows by Lemma 3.2 of [4] and also from the argument given in Case 2 of Remark 5.1 of [3] .
Our goal is to recover the implicit equation F (x, y, z, w) = 0 of a rational surface P(s, t) from its μ-basis. When X = (x, y, z, w) is a point on the surface P(s, t),
factor of Res(p(s, t) · X, q(s, t) · X, r(s, t) · X).
However, this resultant may also contain extraneous factors-that is, in general,
where E(X) is an extraneous factor if deg(E(X)) > 0 [7, 4, 26] . These extraneous factors may be due to bad base points (i.e., base points that are not local complete intersections) or to extraneous points at infinity (see section 4). But before we go on to develop conditions which guarantee that this resultant contains no extraneous factors, we need to say a few words about resultants for three bivariate polynomials.
The resultant of three polynomials.
Here we review some basic properties of the resultant of three bivariate polynomials. A resultant is a polynomial in the coefficients of a set of n polynomials in n − 1 variables (or n homogeneous variables) that vanishes whenever the given polynomials have a common root (see Chapter 3 of [12] ).
To compute the degree of the resultant, we need to know the area of certain Newton polygons. We begin by recalling some definitions leading to the notion of a Newton polygon.
All of these lattice points form a lattice support S, called the parametric support of f (s, t). For any lattice set S ⊂ Z 2 , the Newton polygon NP (S) is the convex hull of S in the Euclidean plane.
The Minkowski sum of NP (S 1 ) and NP (S 2 ) is defined by
The Minkowski sum is a rectangle if both NP (S 1 ) and NP (S 2 ) are rectangles. In particular, if NP (S 1 ) and NP (S 2 ) are rectangles with lower left and upper right corner points
is also a rectangle with lower left and upper right corner points {(0, 0), (σ 11 + σ 21 , σ 12 + σ 22 )}.
Consider three bivariate polynomials f (s, t), g(s, t), h(s, t).
Their resultant Res(f, g, h) with respect to s, t is a polynomial in the coefficients of f, g, h. The degree of the resultant in the coefficients of f is given by the formula (see Chapter 7 of [12] )
where S f , S g , and S h are lattice sets consisting of all the monomials of f (s, t), g(s, t), and h(s, t), and AR(P ) is the area of the polygon P . Similar formulas hold for g and h
We can consider three moving planes p(s, t) · X, q(s, t) · X, r(s, t) · X as polynomials in s, t with coefficients that are linear in x, y, z, w. So the degree in x, y, z, w of the resultant
q(s, t) · X, r(s, t) · X)) + deg r(s,t)·X (Res(p(s, t) · X, q(s, t) · X, r(s, t) · X)).
Suppose p(s, t) · X, q(s, t) · X, r(s, t) · X are dense polynomials with bidegrees (σ 11 , σ 12 ), (σ 21 , σ 22 ), (σ 31 , σ 32 ). Since the corresponding Newton polygons are rectangles, we have
Similarly,
Therefore (2.8) simplifies to
The are many papers and books on the theory and computation of resultants for a variety of different types of polynomial systems, e.g., [13] (see Chapters 3 and 7), [18] (see Chapters 3, 8, and 13), and [16, 17, 25] .
We close this section by presenting a degenerate case for the resultant computation. 
Thus for every X = (x, y, z, w), there are parameters where the three polynomials have a common root. Therefore the resultant must vanish for all values of X, so the resultant must be identically zero.
3. Strong µ-bases. For some rational surfaces P(s, t), there are μ-bases whose resultant is exactly equal to the implicit equation F (x, y, z, w) of the surface without extraneous factors.
Definition 3.1. A μ-basis p(s, t), q(s, t), r(s, t) for a rational tensor product surface P(s, t)
is algebraically strong if
where
is the implicit equation of the surface P(s, t).
Not much is known about the degrees of the elements of a μ-basis. From (2.5) it follows that for tensor product surfaces with tensor product μ-bases,
Notice that equality need not hold, since there can be cancellation in (2.5) of high degree terms. When equality does hold or, equivalently, when κ(u, v) = κ is a nonzero constant in (2.6), we have the following definition.
Definition 3.2. A μ-basis p(s, t), q(s, t), r(s, t) for a rational tensor product surface P(s, t) is parametrically strong if
for some constant κ = 0.
Definition 3.3. A μ-basis p(s, t), q(s, t), r(s, t) for a rational tensor product surface P(s, t) is strong if the μ-basis is algebraically strong and parametrically strong.
Note that the definition of a parametrically strong μ-basis is analogous to that of a strong μ-basis, which is first introduced for a rational parametrization with parameters in complex projective space P 2 (C); see section 5.1 of [10] . Proof. Consider a rational tensor product surface P(s, t) with a parametrically strong μ-basis p(s, t), q(s, t), r(s, t), and let F (x, y, z, w) = 0 be the implicit equation of P(s, t).
Let p((s, u), (t, v)), q((s, u), (t, v)), r((s, u), (t, v)) be homogenizations of p(s, t), q(s, t), r(s, t)
, and let X = (x, y, z, w). Consider the system of equations
We first study the solutions of (3.4). For any fixed parameters ((s 0 , u 0 ), (t 0 , v 0 ) ), (3.4) has a common root at those points X = X 0 that are simultaneously perpendicular to P ((s 0 , u 0 ),  (t 0 , v 0 )), q((s 0 , u 0 ), (t 0 , v 0 )), r((s 0 , u 0 ), (t 0 , v 0 ) ). Suppose ((s 0 , u 0 ), (t 0 , v 0 )) is not a base point of P ((s, u), (t, v) ). Since p, q, r form a parametrically strong μ-basis, we have [p ((s, u), (t, v)), q((s, u), (t, v)), r((s, u), (t, v) Therefore, the solutions of (3.4) are given by
We will soon show that the lines L BP all lie on the surface F (x, y, z, w) = 0.
To prove that the μ-basis p, q, r is algebraically strong, we will now prove that the resultant on the left-hand side of (3.1) does not vanish identically and that F (X) vanishes on the lines L BP . To show that the resultant does not vanish identically, observe that {X | F (X) = 0} ∪ {L BP | P(BP ) = 0} is a proper subvariety of P 3 (C). Hence there are points X that are not solutions of (3.4) . Therefore at these points X, we have Res(p · X, q · X, r · X) = 0, so the resultant has zero locus of pure codimension 1. Since L BP has codimension 2 in P 3 (C) and the number of base points is finite, the zero locus of {L BP | P(BP ) = 0} must lie in {X | F (X) = 0}.
Finally, we have shown that the resultant vanishes on {X = P((s, u), (t, v)) | P((s, u), (t, v)) = (0, 0, 0, 0)}, which is a Zariski dense subset of {X | F (X) = 0}. Hence since the resultant and the implicit equation are both polynomials in X, the resultant vanishes on {X | F (X) = 0}.
Moreover, the resultant vanishes nowhere else because the only solutions of (3.4) are given by the set of points in (3.5), and we have shown that the lines L BP in (3.5) all lie on the surface defined by the implicit equation. Since F (x, y, z, w) is irreducible and P(s, t) is a proper parametrization, it follows that
where C 0 is a nonzero constant. P(s, t) has a parametrically strong μ-basis p(s, t), q(s, t), r(s, t) with bidegrees (σ 11 , σ 12 ), (σ 21 , σ 22 ), (σ 31 , σ 32 ). Let D P denote the algebraic degree of P(s, t). Then 
Proof. Since p(s, t), q(s, t), r(s, t) 
Finally, part 4 follows immediately from part 3, since if the Newton polygons of P, p, q, r are dense, then these polygons are rectangles whose areas are given by the products of their bidegrees. 
Corollary 3.7. Consider a rational tensor product surface P(s, t), where bideg(P) = (m, n), that has exactly l base points, each of which is a local complete intersection and with multiplicity d i , i = 1, . . . , l. Suppose too that P(s, t) has a parametrically strong μ-basis p(s, t), q(s, t), r(s, t) with bidegrees
l i=1 d i =
AR(NP (S P·X )) + AR(NP (S p·X )) + AR(NP (S q·X )) + AR(NP (S r·X )).
Proof. This result follows immediately from Corollary 3.6 and formula (2.2).
Example 3.8. Here we give an example of a strong μ-basis. Consider the following rational tensor product surface with bidegree (2, 2): P(s, t) . This μ-basis is parametrically strong, since (1, 0) + (0, 1) + (1, 1) = (2, 2). Moreover, P(s, t) has five simple base points (1, 0), (0, −1), (−1, 2), (2, 3), (−2, −2), which are all local complete intersections. Therefore this μ-basis is strong by Theorem 3.4, and by Corollary 3.6 the implicit degree of this surface is three.
Note that the converse of Theorem 3.4 is not true: a μ-basis may be algebraically strong even if the μ-basis is not parametrically strong (see Example 3.9).
Example 3.9. Consider the following rational tensor product surface with bidegree (2, 2):
The implicit degree of this surface is four. There is a triple of moving planes that follow P(s, t) with bidegrees (1, 0), (1, 1), ( The sum of the bidegrees of these three moving planes is (3, 2), which is greater than (2, 2). One can check that these three moving planes satisfy (2.5) and (3.1); hence, they form an algebraically strong μ-basis of P(s, t), but this μ-basis is not parametrically strong.
P(s, t)
can have a base point that is not a local complete intersection, i.e., Rank(p, q, r) ≤ 1 at this point. Omitting the degenerate case where Rank(p, q, r) = 0, we will show that when Rank(p, q, r) = 1, no μ-basis can be algebraically strong even if the μ-basis is parametrically strong. That is, bad base points always introduce extraneous factors into the resultant.
Theorem 3.10. Consider a rational tensor product surface P(s, t) with a base point ((s
Proof. Since Rank(p((s 0 , u 0 ), (t 0 , v 0 )), q((s 0 , u 0 ), (t 0 , v 0 )), r((s 0 , u 0 ), (t 0 , v 0 ) )) = 1, we can assume without loss of generality that p((s 0 , u 0 ), (t 0 , v 0 )) = 0 , Therefore the system of equations (3.4) has an additional solution P BP , where P BP is the plane p ((s 0 , u 0 ), (t 0 , v 0 ) ) · X = 0 associated to the base point BP . The plane P BP cannot lie in the surface P(s, t), since by assumption P(s, t) is nonplanar. Therefore the linear factor P BP must be an extraneous factor of the resultant Res(p · X, q · X, r · X).
Remark 3.11. Each extraneous factor associated to a bad base point in Theorem 3.10 may appear to some power. This power can be computed by taking the difference between the degree and the multiplicity of the base point (see [2] for similar results on rational triangular surfaces). Precisely,
where d BP is the degree and e BP is the Hilbert-Samuel multiplicity of the base point BP ; for further details, see [2] .
Example 3.12. Here we give an example of Theorem 3.10. Consider the following rational tensor product surface with bidegree (2, 2): Notice that the μ-basis p, q, r of P(s, t) is parametrically strong, but this μ-basis is not algebraically strong. {a, b, c, d, m i=1,...,18 } is {f (s), g(s, t) }. Then Res(p(s, t) · X, f (s), g(s, t) ) are the real extraneous factors (possibly with powers) associated to the base points determined by {f (s), g(s, t)}. Some techniques for solving for this zerodimensional variety can be found in [1, 9, 19] .
P(s,
Rational ruled surfaces always have an algebraically strong μ-basis. For a ruled surface P(s, t) with bidegree (m, 1) and implicit degree D P , there exists a μ-basis formed by three moving planes p(s), q(s), r(s, t) with bidegrees (μ, 0), [7] ).
Proposition 3.14. The μ-basis {p(s), q(s), r(s, t)} of a ruled surface is an algebraically strong μ-basis.
Proof. We already have three moving planes p, q, r such that [p, q, r] = κP, κ = 0. Moreover, by (2.9), deg(Res(p(s) · X, q(s) · X, r(s, t) · X)) = 0 + μ + (D P − μ) = D P is the implicit degree, so p, q, r is an algebraically strong μ-basis.
Note that μ + D P − μ + μ 1 = D P + μ 1 can often be greater than m (see the example at the end of section 3 of [7] ), so an algebraically strong μ-basis for a rational ruled surface need not be a parametrically strong μ-basis.
Extraneous factors associated to infinity.
A parametrically strong μ-basis is also algebraically strong if all the base points of P(s, t) are local complete intersections (see Theorem 3.4). However, there are extraneous factors associated to the base points that are not local complete intersections (see Theorem 3.10). In this section, we identify the other extraneous factors that appear in the resultant of a μ-basis that is not parametrically strong, i.e., when deg(κ(u, v)) > 0 in (2.6). In this case, we have
Recall the system of equations
We will investigate extraneous factors by considering the right-hand side of (4.1). If the right-hand side of (4.1) is not zero at ((s, u), (t, v)), then (4.2) has a common root only at points X that lie on the surface defined by P(s, t) (see the similar discussion in the proof of Theorem 3.4). If the right-hand side of (4.1) is zero induced by P((s, u), (t, v)) = 0, then we can identify the extraneous factor associated to the base point ((s, u), (t, v)) in a manner similar to Theorem 3.10.
The final case occurs when the right-hand side of (4.1) is zero at ((s, u), (t, v)), i.e., when uv = 0 but P((s, u), (t, v)) = 0. In this case, just as with base points we may be able to find vectors simultaneously perpendicular to p ((s, u), (t, v)), q((s, u), (t, v)), r((s, u), (t, v) ) other than multiples of P ((s, u), (t, v)), since p((s, u), (t, v)), q((s, u), (t, v)), r((s, u), (t, v) ) are linearly dependent at uv = 0. We call the solutions of (4.2) in this case candidate factors associated to infinity, which may be extraneous factors. Notice that the uv = 0 reduces to three possible cases: (u = 0, v = 0), (v = 0, u = 0), (u = v = 0) (see Example 4.4). The case (u = 0, v = 0) is analogous to the case (u = 0, v = 0), so we shall only treat one of these two cases.
Let EF = Extraneous Factor, and let P 3 (R) be real homogeneous projective space. Suppose the moving plane p ((s, u), (t, v) ) has bidegree (σ 11 , σ 12 ) . Then p((s, u), (t, v) For convenience, we write p((s, u), (t, v) )| u=v=0 ∈ P 3 (R), since we consider the vector in homogeneous projective space. Similarly, p((s, u), (t, v) that p((s, u), (t, v) 
Theorem 4.1. Consider a rational tensor product surface P(s, t) with bidegree (m, n). If the μ-basis is not parametrically strong, then the possible extraneous factors associated to infinity are listed in Table 4 .1, possibly raised to positive powers. 
lie in the surface P(s, t), since by assumption P(s, t) is nonplanar. Therefore the linear factor p| u=v=0 · X must be an extraneous factor of the resultant Res(p · X, q · X, r · X).
• At u = 0, v = 0: -If p| u=0,v =0 defines a constant plane, then the solution p| u=0,v =0 · X = 0 of (4.2) is a plane. Therefore the linear factor p| u=0,v =0 · X must be an extraneous factor of the resultant. In Table 4 .1, we express the condition that p| u=0,v =0 defines a constant plane by writing p| u=0,v =0 ∈ P 3 (R).
-If p| u=0,v =0 defines a moving plane, then the solution p| u=0,v =0 · X = 0 of (4.2) is a moving plane with a homogeneous parameter (t, v) . In this case, Res(p · X, q · X, r · X) must be identically zero, since this resultant vanishes on a three-dimensional subset given by this moving plane. In Table 4 .1, we express the condition that p| u=0,v =0 defines a moving plane by writing p| u=0,v =0 ∈ P 3 (R).
Case III: the rank of the μ-basis is two.
• At u = v = 0: The solution p| u=v=0 · X = 0 ∩ q| u=v=0 · X = 0 of (4.2) is a line. The line has dimension 1, so this line must belong to a surface (the surface P or some surface from another extraneous factor). Thus this line does not generate a new extraneous factor.
• At u = 0, v = 0: -If p| u=0,v =0 , q| u=0,v =0 define two constant planes, then the solution p| u=0,v =0 · X = 0 ∩ q| u=0,v =0 · X = 0 of (4.2) is again a line. So once again, this line will not generate a new extraneous factor.
-If p| u=0,v =0 defines a constant plane, while q| u=0,v =0 defines a moving plane, then the solution {p| u=0,v =0 · X = 0 ∩ q| u=0,v =0 · X = 0} = {p| u=0,v =0 · X = 0} of (4.2) is a plane. In this case, the linear factor p| u=0,v =0 · X must be an extraneous factor of the resultant.
-If p| u=0,v =0 , q| u=0,v =0 define two moving planes, then the solution p| u=0,v =0 · X = 0 ∩ q| u=0,v =0 ·X = 0 of (4.2) is a ruled surface, since the surface is generated by two moving planes with the same parameter (v, t) [22] . The parametrization of this ruled surface can be solved directly, and its implicit equation can be computed quickly using a univariate resultant [23] . This ruled surface is either an extraneous factor of the resultant or exactly the surface P. Actually this μ-basis is algebraically strong, since the implicit equation is F (x, y, z, w) ≡ Res(p · X, q · X, r · X) = 0 without any extraneous factor. We can check that the extraneous vector X u lies on the algebraic surface corresponding to P(s, t), i.e., F (X u ) = 0. We omit the long expression for F (x, y, z, w) since this expression is the sum of 35 monomials.
Example 4.4. For the same surface as in Example 3.8, there exists a μ-basis formed by a triple of moving planes that follow this surface with bidegrees (1, 1), (1, 1), (1, 1 
Consider the candidate factor associated to u = v = 0. We find Rank(p, q, r)| u=v=0 = 1, and the intersection of the elements of the μ-basis at u = v = 0 is − 7849 1652 x = 0. Therefore by Theorem 4.1, x must be an extraneous factor of the resultant of the μ-basis.
In a similar manner, we deal with the cases (u = 0, v = 0) and (u = 0, v = 0). In these cases we find two additional extraneous factors. We find that Rank(p, q, r)| u=0,v =0 = 2, and there is a constant plane at (u = 0, v = 0): 2526 y + 1430 w − 334 x + 1263 z, which must be an extraneous factor by Theorem 4.1. We also find Rank(p, q, r)| u =0,v=0 = 2 and again get a constant plane at (u = 0, v = 0) as an extraneous factor: 38 y + 290 w − 202 x + 19 z.
Finally, computing the resultant of p · X, q · X, r · X we get
where F (x, y, z, w) = 0 is the implicit equation of P(s, t) with degree three. Thus the resultant has exactly the extraneous factors identified by Theorem 4.1.
Examples 3.8 and 4.4 together show that the same rational tensor product surface can have two different μ-bases with different bidegrees: one parametrically and algebraically strong and the other neither parametrically nor algebraically strong! Thus the term strong depends not only on the surface parametrization but also on the choice of the μ-basis. Although we can identify the extraneous factors when we try to find the implicit equation by the resultant of any μ-basis for a rational parametrization P(s, t), we prefer to use μ-bases with lower degrees.
Remark 4.5. Extraneous factors due to anomalies at infinity may appear to some power in the resultant. We defer to the appendix examples to illustrate the existence of these powers as well as further examples corresponding to some additional cases in Table 4 .1, since these examples have rather long expressions.
Conclusion.
We have presented a sufficient condition which guarantees that the resultant of a μ-basis for a rational tensor product surface generates the implicit equation of the surface with no extraneous factors. In this case, we have derived formulas for both the implicit degree and the number of base points counting multiplicity of the rational surface based only on the bidegree of the rational parametrization and the bidegrees of the elements of the μ-basis, provided that all of the base points are local complete intersections. The parametrization is assumed proper to simplify the presentation. With only minor modifications, our results remain valid when the parametrization is not proper. For improper parametrizations, we need only replace F (x, y, z, w) with F (x, y, z, w) deg(m) in our implicitization formulas, where deg(m) is the mapping degree of m : (s, t) → P(s, t). We have concentrated on rational tensor product surfaces, but similar results hold for rational triangular surfaces-that is, rational surfaces of fixed total degree. The proofs are much the same. Further discussion regarding the effects of base points of rational triangular surfaces can be found in [2] .
As we have seen in the introduction, μ-bases for rational surfaces have many properties that are qualitatively different from the characteristic properties of μ-bases for rational curves. The analogous notion of μ-bases for rational surfaces seems to be strong μ-bases. Like μ-bases for rational curves, strong μ-bases for rational surfaces are bases for the syzygy module with respect to homogeneous parametrizations; in addition, the degrees of their elements sum to the degree of the parametrization, and their resultant generates the implicit equation of the surface with no extraneous factors.
For parametrizations that have no strong μ-bases, we identify all the extraneous factors coming from bad base points or anomalies at infinity. Therefore we can implicitize a rational parametrization by computing the resultant of a μ-basis for the surface and removing all of the extraneous factors. The power of an extraneous factor associated to a bad base point can be determined by analyzing the degree and the multiplicity of this base point. For the power of an extraneous factor associated to an infinity, we propose the following conjecture based on computational experiments.
Conjecture. Consider a rational tensor product surface P(s, t) with μ-basis p(s, t), q(s, t), r(s, t). Suppose that in (2.6) κ(u, v) = λu i v j or, equivalently, that (i, j) = bideg(p) + bideg(q) + bideg(r) − bideg(P).
Then the power of a planar extraneous factor associated to an infinity is 1. greater than or equal to i for u = 0, v = 0; 2. greater than or equal to j for u = 0, v = 0; 3. greater than or equal to max(i, j) for u = v = 0.
Fast algorithms for computing μ-bases for rational planar curves are available based on Gaussian elimination [6] , but current algorithms for computing μ-bases for general rational tensor product surfaces are neither simple nor fast [15] . In the future, we plan to take advantage of the results in this paper to develop fast algorithms to compute strong μ-bases for rational tensor product surfaces of moderate bidegree based only on solving a simple system of linear equations.
Finally, we have seen that there are degenerate cases (see Table 4 .1 and Example A.2) where the resultant of a μ-basis is identically zero. Nevertheless, we hope to develop algorithms for finding the implicit equation from the resultant matrix by either computing a perturbation or examining maximal minors. 2. Rank(p, q, r)| u=0,v =0 = 2; q| u=0,v =0 defines a moving plane and r| u=0,v =0 defines a constant plane. Therefore r| u=0,v =0 · X = 7w + 9x − y − 5z is an extraneous factor.
3. Rank(p, q, r)| u =0,v=0 = 2; p| u =0,v=0 and q| u =0,v=0 define two moving planes. Therefore these two moving planes generate a ruled surface as an extraneous factor. This ruled surface is Res (s,u) (p| u =0,v=0 · X, q| u =0,v=0 · X) = Example A.4. Here we give an example where the ruled surface associated to infinity is exactly the given surface P. Consider the following rational tensor product surface with bidegree (1, 4): This parametrization P(s, t) defines a ruled surface and has five simple base points (0, 0), (−1, 0), (1, 2), (2, 1), (−2, −1). By Theorem 3.10 there are no extraneous factors associated to these base points. Therefore this parametrization defines a surface with algebraic degree 8 − 5 = 3. In fact, this surface has implicit equation There exists an algebraically strong μ-basis p a , q a , r a for this ruled surface with bidegrees (0, 1), (0, 2), (1, 1) . To find a μ-basis having extraneous factors, we construct a new μ-basis
